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Abstract 

Let A be a set of positive integers with gcd(A) = 1, and let PA(n) be 
the partition function of A. Let co = iry/2/3. If A has lower asymptotic 
density a and upper asymptotic density (3, then lim inf logpAn/coy/n > 
y/a and lim sup log pa (n) /co y/n < ^fj3. In particular, if A has asymp- 
totic density a > 0, then \ogpA{n) ~ c^y/an. Conversely, if a > and 
logpA(w) ~ co\/an, then the set A has asymptotic density a. 



1 The growth of pa{ji) 



Let A be a nonempty set of positive integers. The counting junction A(x) of the 
set A counts the number of positive elements of A that do not exceed x. Then 
< A(x) < x, and so < A(x)/x < 1 for all x. The lower asymptotic density 
of A is 

d L (A) = lim inf 



The upper asymptotic density of A is 

A(aO 



djy(^4) = lim sup ■ 

a;— »oo ^> 

We have < d L (A) < d v {A) < 1 for every set A. If = d v {A), then the 

limit 

d(A) = lim ^ 

x — >oo x 
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exists, and is called the asymptotic density of the set A. 

A partition of n with parts in A is a representation of n as a sum of not nec- 
essarily distinct elements of A, where the number of summands is unrestricted. 
The summands are called the parts of the partition. The partition function 
Pa{h>) counts the number of partitions of n into parts belonging to the set A. 
Two partitions that differ only in the order of their parts are counted as the 
same partition. We define pa(0) = 1 and Pa(—ti) — for n > 1. 

The partition function for the set of all positive integers is denoted p(n). 
Clearly, < PA{n) < p(n) for every integer n and every set A. A classical result 
of Hardy and Ramanujan Q and Uspensky O] states that 

logp(ra) ~ coy^n, 

where 

C0 = 7r V3 = 2 VT- 

Erdos B has given an elementary proof of this result. 

Let gcd{A) denote the greatest common divisor of the elements of A. If 
d = gcd(A) > 1, consider the set A' — {a/d : a € A}. Then A' is a nonempty 
set of positive integers such that gcd(A') = 1, and 



Pa{u) 



ifn^O (mod d), 

PA' (n/d) if n = (mod d). 



Thus, it suffices to consider only partition functions for sets A such that gcd(A) = 
1. 

In this paper we investigate the relationship between the upper and lower 
asymptotic densities of a set A and the asymptotic behavior of log£u(«-)- In 
particular, we give a complete and elementary proof of the theorem that, for 
a > 0, the set A has density a if and only if \ogpA{n) ~ co^an. This result 
was stated, with a sketch of a proof, in a beautiful paper of Erdos Q . 

Many other results about the asymptotics of partition functions can be found 
in Andrews (lj Chapter 6] and Odlyzko ||. 



2 Some lemmas about partition functions 

Lemma 1 Let A be a set of positive integers. IfpA{no) > 1, then pA{n + no) > 
Pa(^) /or every nonnegative integer n. 

Proof. The inequality is true for n = 0, since pa(«o) > 1 = ?u(0). We fix 
one partition uq = a[ + ■ ■ ■ + a' r . Let n > 1. To every partition 

n = ai + • • • + a,k 

we associate the partition 

n + no = a\ + ■ ■ ■ + a k + a\ + • ■ ■ + a' r . 
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This is a one-to-one map from partitions of n to partitions of n + no, and so 
PA(n) < p A (n + n ). 

Lemma 2 Let A be a nonempty set of positive integers, and let a\ S A. For 
every number x > a\ there exists an integer u such that 

x — a\ < u < x 

and 

max{p J i(n) : < n < x} ~ pa{u). 
Proof. If ai G A, then p A {ai) > 1. By Lemma [l], 

PA{n) < pa(ii + ai) 

for every nonnegative integer n. Therefore, the partition function pA{n) is 
increasing in every congruence class modulo a\. If < r < ax — 1, then 

max{p J 4(n) : < n < x, n = r (mod ai)} = pA{u r ) 

for some integer u r £ (x — a%, x]. It follows that 

max{p J 4(n) : < n < x} = pa(u), 

where 

u = max{wo, u\,..., u ai -i} G (x — a±,x]. 
This completes the proof. 

Lemma 3 Let A be a nonempty finite set of relatively prime positive integers, 
and let k be the cardinality of A. Let pA(n) denote the number of partitions of 
n into parts belonging to A. Then 

Proof. This is an old result. The usual proof (Netto Jt|, Polya-Szego || 
Problem 27]) is based on the partial fraction decomposition of the generating 
function for p^(n). There is also an arithmetic proof due to Nathanson |(|. 

Lemma 4 Let no be a positive integer, and let A be the set of all integers greater 
than or equal to no. Then PA{n) is increasing for all positive integers n, and 
strictly increasing for n > 3no + 2. 

Proof. If 1 < n < n , then PA{ n ) = 0. 

We say that a partition a\ + a-i + • • • + a r has a unique largest part if a\ > 
0.2 > • • • > a r - Let n > no- Then pA{n) > 1 since n 6 A. To every partition 
7r of n we associate a partition of n + 1 by adding 1 to the largest part of 7r. 
This is a one-to-one map from the set of all partitions of n and to the set of 
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partitions of n + 1 with a unique largest part, and so pa(p) < PA& + 1) f° r 
n > 1. 

Let n > 3no + 2. If n — no is even, then a — (n — no)/2 > no + 1, and 
n = 2a + no. If n — no is odd, then a = (n — no — l)/2 > no + 1, and 
n = 2a + (no + 1). In both cases, a £ A. Therefore, if n > 3no + 2, then there 
exists a partition of n with parts in A and with no unique largest part, and so 
Pa{h>) < pA(n + l). This completes the proof. 

A set of positive integers is cofinite if it contains all but finitely many positive 
integers. 

Lemma 5 Let A be a cofinite set of positive integers. Then 

log p A (n) ~ c -\/n- 

Proof. Since A is cofinite, we can choose an integer no > 1 such that A 
contains the set A' = {n > no}. Then 

PA'(n) < PA(n) < p(n). 

Since logp(n) ~ co^/n, it suffices to prove that \ogpA'{n) ~ co^/n. 

Let _F = {n:l<n<no — 1}. Applying Lemma || with k = no — 1, we 
obtain a constant c > 1 such that PF(n) < cn n °~ 2 for all positive integers n. 
Each part of a partition of n must belong either to A' or to F, and so every 
partition of n is uniquely of the form n = n' + (n — n'), where n' is a sum of 
elements of A' and n — n' is a sum of elements of F. By Lemma [|, the partition 
function pa> in) is increasing. Let n > no. Thenp^/(n) > 1 and 

n 

P( n ) = ^ PA>(n')p F (n - n') 

n 

< cn na - 2 ^p A >{n') 

n'=0 

< 2cn n °- 1 p A >{n). 

Taking logarithms of both sides, we obtain 

log 2c + (n - 1) log n + \ogp A > in) 
log 2c + (no — 1) logn + logp(n) 

log 2c + (n - l)logn \ogp A '{n) 
log 2c + (np - l)logn logp(n) 

CoV^ c 0\Ai 

Taking the limit as n goes to infinity we have logp^' (n) ~ cq^/u. This completes 
the proof. 



logp(n) < 

< 



and so 



logp(n) 
cqV^ 



< 



< 
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3 Abelian and tauberian theorems 



In this section we derive two results in analysis that will be used in the proof of 
Theorem 0. To every sequence B = {b n }^L of real numbers we can associate 
the power series f(x) = ^2^ =0 b n x n . We shall assume that the power series 
converges for |x| < 1. We think of the function f(x) as a kind of average 
over the sequence B. Roughly speaking, an abelian theorem asserts that if 
the sequence B has some property, then the function f(x) has some related 
property. Conversely, a tauberian theorem asserts that if the function f(x) has 
some property, then the sequence B has a related property. 
The following theorem is abelian. 

Theorem 1 Let B = {& n }J£L be a sequence of nonnegative real numbers such 
that the power series f(x) = b n % n converges for \x\ < 1. If 

liminf!^ > 2 ^, (1) 

then 

liminf(l-a;)log/(a;) > a. (2) 

If 

l imsup ^i<2^, (3) 

n — >oo V ^ 

then 

limsup(l - x) log/(ar) < (3. (4) 
x->i- 

In particular, if a > and 

logfc„~ 2 Vcm, (5) 

then 

log/(z)~-^-. (6) 
1 — x 

Proof. Let < e < 1. Inequality (jl|) implies that there exists a positive 
integer N = N (e) sucn that 

b n > e 2 ^-^^ for all n > N . 

For < x < 1, we let x = e~*, where t — t(x) — — logx > 0, and t decreases to 
Oasi increases to 1. 
If n > N , then 

2{l — e) y/otn p — tn ^2(1 — s) y/otn — tn 



b n x n > e ^- £ " an e 



Completing the square in the exponent, we obtain 



2(1 - e) y/an -tn= - - 1 tiy/n- - 
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and so 

b n x n > e 
Choose to > such that 



(l-«) a ° R - t (.^-iL.-L.~> 

(l-e) 2 a 



f 2 



> JVo + 1, 



and let xo — e *° < 1. If xo < x < 1 and ar = e *, then < i < to- Let 

"(l-e) 2 a" 



Then 



and 



t 2 



N < i ^ K < 



t 2 



(l-e)v^ / (l- £ ) 2 a 1 



i 2 



t 2 



(l-e)V^ 



It follows that 



'Tl x - 



(1 -e)VS 



<1, 



(l-e) 2 Q _ (l- £ ) 2 o , 

K x x x > e * e c = e * 



and so 

Since b n x n > for all n > 0, we have 

oc 

/(x) = ^ 6„x" > b nx x n * > e 



n=0 



Therefore, 

and 
Since 

it follows that 



\ogf{x) > i ^ * 

tlog/(x) > (l-e) 2 a-t 2 . 
t = — log x ^ 1 — x as X — » 1~, 

liminf(l — x) log/(x) = liminf ilog/(x) 

> liminf ((l-e) 2 a-t 2 ) 
= (l-e) 2 a. 
This inequality is true for every e > 0, and so 



liminf (1 — x) log/(x) > a. 

x— >1 _ 
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This proves (§). 

If (|3|) holds, then there exists a positive integer Nq — Nq(e) such that 



b n < e^i+^V/ 3 " for all n > N 



Let x = e *. Then 



f( X ) = J^bnX* 



n=0 
N -l 

< J2 h ^ n 



n=0 



ci(e) + e * ^ 



E e 

-i ^AT j-*— 

e V 



n—Nn 



where 



If 



then 



and 



It follows that 



and so 



N a -1 JVo-1 

0< ^ < Yj fo «= C l( £ )- 

n=0 n=0 



n > 



16/3 



Ni{t) = Ni 



Ayfp 2(l + £ )y^ 

In > > 

t t 



(l+e)yff 

*n > . 

t 2 



t( y/n- 



(l+£K/g 



< e v 2 / = e"~ 



E « 



(l-Kh/g 



in. 

e ^ 

71 = ^ + 1 



< 



l- e -t/4 

8e -4/3/t 



t 



since 1 — i/4 < e _t/4 < 1 - t/8 for < t < 1. Moreover 



E 

ri=iV 



16/3 

<"x<-/. 
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Consequently, 

-4/3/* 



/(*) < ci(e) + c « + — 



V t 2 t 



(l + e) 2 3 

< c 2 (£)e * 



t 2 



Therefore, 



and so 



log f(x) < hlog 



tlog/(a;) < (l + e) 2 /3 + ilog 



t 2 ' 

C2(£) 
t 2 ' 



Then 



lim sup(l — x) log f(x) = lim sup i log f(x) < (1 + e) (3. 



This inequality is true for every e > 0, and so 

limsup(l — x) logf(x) < (3. 



This proves (Q). 

If @ holds, that is, if 



log6„ 

lim =- = v a > 0, 

2-s/n 



71 — >OG 



then (0) and (||) hold with a = (3. These inequalities imply (|J) and (ji|), and so 

lim (1 — x) log f(x) = a, 

x— >1~ 

or, equivalently, 

log /(a:) 



1-x 

This completes the proof. 

The statement that (||) implies (||) appears in Erdos @. 

The following tauberian theorem generalizes a well-known result of Hardy 
and Littlewood ||. 

Theorem 2 Lei B — {b n }'^ =0 be a sequence of nonnegative real numbers such 
that the power series 



f( X ) = ^ 



n=0 



converges for \x\ < 1. Let 

n 

SB(n) = ^ bfc. 



A:=0 
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Let c> 0. If 



then 



If 



then 



In particular, if 



then 



limsup(l — x)f(x) < c, 



,. S B (n) 
lim sup < c. 



liminf(l — x)f(x) > c, 



lim inf — — — - > c. 

n — >oo Ti 



l-x 



as x — > 1" 



5b (n) ~ cn. 



(7) 

(8) 
(9) 
(10) 

(11) 
(12) 



Proof. The Hardy-Littlewood theorem states that (11) implies ([12|). The 
proofs that (R) implies (^) and that (^ implies (|l^) require only a simple mod- 
ification of Karamata's method, as presented in Titchmarsh ]l(| Chapter 7] . 



4 Direct and inverse theorems for pA(n) 

A direct theorem uses information about the sequence A to deduce properties 
of the partition function pA(n). An inverse theorem uses information about the 
partition function pa (n) to deduce properties of the sequence A. We begin with 
a direct theorem. 

Theorem 3 Let A be an infinite set of positive integers with gcd(A) = 1. If 
cIl(A) > a, then 

hm ml = — > yja.. 

7l->oo CQy/n 

Ifdu(A) < P, then 

lim SU p^#<V^. 

n^oo CQy/Tl 

Proof. Let A = {afc}^, where a\ < a 2 < ■ ■ ■■ Since gcd(A) = 1, there is 
an integer £ such that gcd{afc : 1 < k < £o — 1} = 1. Let e > 0. If du(A) < (3, 
there exists an integer fco = ko(e) > such that, for all fc > ko, 

A = ^K) </3 + £j 

and so 

ft < (J3 + e)a k . 
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Let A' = {a k e A : k > k } and F = A \ A' = {a k E A : 1 < k < k - 1}. 
Let n and n' be positive integers, n' < n, and let 

n' = a kl + a k2 + h a kr 

be a partition of n' with parts in A'. Then ki > k$ for all i = 1, . . . , r. To this 
partition of n' we associate the partition 

m = k\ + k,2 + ■ • • + k r . 

Since ki < (/? + e)a ki for i = 1, . . . , r, we have 

to < (P + e)a kl + {(3 + e)a k2 H h (/? + e)a kr 

= {{3 + e)n' 
< (j3 + e)n. 

This is a one-to-one mapping from partitions of n' with parts in A' to partitions 
of integers less than (/3 + e)n, and so 

PA'{n') < ^2 P( m ) 

< (f3 + e)n max{p(m) : m < (j3 + e)n} 

< (P + e)np([(P + e)n}) 

< 2np([(0 + e)n]), 

since the unrestricted partition function p{n) is strictly increasing. 

We have A = A' U F, where A' n F — 0. The set F is a nonempty finite set 
of integers of cardinality fco — 1, and gcd(F) = 1 since ko > £q. By Theorem |[ 
there exists a constant c such that 

p F {n) < cn ko ~ 2 

for every positive integer n. Every partition of n with parts in A can be decom- 
posed uniquely into a partition of n' with parts in A' and a partition of n — n' 
with parts in F, for some nonnegative integer n' < n. Then 

n 



PA{n) = pa' {n')p F (n - n') 

n'=0 

n 

< cn k °- 2 ^2p A ,(n') 



n'=0 
k a — 2l 



< cn ko ~ 2 (n + l)max{p j4 /(n') : n! = 0, 1, . . . , n} 

< 2cn fco_1 max{p^/ (n 1 ) : n' = 0, 1, . . . , n} 

< 2cn fe °- 1 2np([(/? + £)n]) 
= 4cn fe >([(/3 + e)n]). 
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Since logp(n) ~ co^/n, it follows that for every e > there exists an integer 
no(e) such that 

logp(n) < (1 +e)c ^/n 

for n > n (e). Therefore, 

logpA(n) < log 4c + k logn + logp([(/3 + e)n]) 

< log 4c + fc log n + (1 + e)c ^/Jfi + e)n 

for n > (no(e) + + £)• Dividing by CQ^Jn, we obtain 

logj^O) , log4c + fc logn nr— 
1=- < 7= r- (1 + e) VP + £ , 

coV n coV™ 

and so 

i imsup ^4H<(i + £)v ^Ti. 

Since this inequality is true for all e > 0, we obtain 

logfu(n) /-r 
hm sup < v p. 

n^oo coVn 

Next we prove that if d^(A) > a, then 



liminf l0g ^ n) >^. 
caV n 



n^oo 



> a — e, 



This inequality is trivial if a = 0, since logp,4(n)/co\Ai > for all sufficiently 
large n. 

Let a > and 

< e < a. 

There exists an integer fco = fco(e) such that, for all k > ho, 

k_ _ A(a k ) 

Clk ttk 

and so 

k 

a k < . 

a — e 

Since gcd(^4) = 1, every sufficiently large integer can be written as a sum of 
elements of A, and so there exists an integer N such that PA( n ) > 1 for ah 
n > N . Let p'(n) denote the number of partitions of n into parts k > k . To 
every partition 

n = k\ + ■ ■ ■ + k r with k\ > ■ ■ ■ > k r > ho, 
we associate the partition 

m = a kl H V a kr . 
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Then 

fci fci 
m < H 1 



a — e ol — £ ol — £ 



This is a one-to-one mapping from partitions of n with parts greater than or 
equal to fco to partitions of integers m less than n/(a — e), and so 



p'(n) < pa(jti) 



m< - 



72 



< max < 72^4(772) : m < 

a — £ I a — £ 

n 

< Pa{u„), 

a — £ 

where, by Lemma || (since a\ G A), the integer u n belongs to the bounded 
interval 

77 77 
a-i < u n < 



a — £ a — £ 

The sequence {itn}^i is not necessarily increasing, but 

lim u n =00. 

n — >oo 

Let d be the unique positive integer such that 

< (a — e)ai < d < (a — e)ai + 1. 

For every i , j > 1 , 

/ (i + j)d \ id 

U( i+ j)d — Uid > a-y 



a — £ I a — £ 

3d 



ax 

a — £ 

> (?'-l)oi. 

It follows that it(j+i)d > Tiid, and so the sequence is strictly increasing. 

Similarly, 

(i + j)d ( id 

Ur i+ j)d ~ Uid < 0.x 

a — £ \a — £ 
ai 



i 



< (j + l)ai + 

a — e 

Let jo be the unique integer such that 

1- 1 < Jo < 1-2. 
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Then 

U ld - U(i-j )d > {jo - l)ffli > ^0 

for all i > jo- 

For every integer n > j$d there exists a unique integer i > jo such that 

utd<n< u {t+1)d . 

Then . 

n - W(^_j )d < w«+i)d - U (t- J0 )d < (jo + 2)d + J °_ £ 

and 

n ~ U (e-Jo)d > u £d ~ u (£~3o)d > N 0- 

Since 

p A (n - «(<-,- )d) > 1, 

Lemma [l] implies that 

paH >PA(w(^- J0 )rf) > ^j^——^jp'((e-j )d). 

Since 

v ' a — e 

it follows that 

(I - j )d > (a- e)n - (j + l)d. 

Since p'(n) is the partition function of a cofinite subset of the positive integers, 
Lemma |5| implies that for n sufficiently large, 

logp A (n) > logp'((£- j )d) +log(a- e) -log(^- j )d 

> (1 - e)c \J(l - ]ojd + log(a - e) - log(^ - j )d 

> (1 - e)coy/(a - e)n - {j + l)d + log(a - e) - log(£ - j )d. 

Dividing by Coy/n, we obtain 

. , \ogPA(n) 

limini ■= — > (1 — e)\Ja — e. 

n-*oc Coy/n 

This inequality holds for < e < a, and so 

liminf l£g^)>^ 

n— »oo CQy/n 

This completes the proof. 

Theorem 4 Let A be a set of positive integers with gcd(^4) = 1. If d(A) = a > 
0, then log pa (n) ~ coy/an. 
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Proof. This follows from Theorem || with a = f3. 
Theorem 5 Let a\, . . . , ci£,m be integers such that 

1 < a\ < ■ ■ ■ < an < m 

and 

(ai, ...,ai,m) = l. 

Let A be the set of all positive integers a such that a = ai (mod m) for some 
i = !,...,£. Then 

fJn 

\ogp A (n) - cq\ — . 

V 771 

Proof. The set A satisfies gcd(A) = 1 and d(A) = £/m, and so the result 
follows from Theorem ^ with a = ijm. Using Erdos's elementary method, 
Nathanson || has also given a direct proof of Theorem [| 

Theorem 6 Let A be a set of positive integers with gcd(A) = 1. If d(A) = 0, 
then \ogpA{n) = o(y/n). 

Proof. If A is infinite, this follows from Theorem || with (5 — 0. If A is finite, 
this follows from Lemma |3|. 

The next result is an inverse theorem; it shows how the growth of the par- 
tition function pA{n) determines the asymptotic density of the sequence A. 

Theorem 7 Let A be an infinite set of positive integers with gcd(A) = 1. // 
a > and 



\ogp A (n) ~ coy/an = 2 
then A has asymptotic density a. 
Proof. The generating function 



G 



(13) 



f(x)^j2p^ n > n = U( 1 



n=0 



converges for |a;| < 1, and 

log f{x) 



E - xa ) 



aeA 



EE 

oo 



°° x ak 
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where 



k 

l = ak 



Let 

Sb{x) = ^ be - 
Then S B (x) > for all x, and Sb(x) = if x < 1. We have 



n n 1 



fc=l .EJ k=l 

a,<n/k 



By Mobius inversion, we have 

fe=X 

By Theorem [ij the asymptotic formula (|l^) implies that 

2 

7T Oi 

(1 - x)log/(ar) — asx-^l~ 



r(ir). 



Theorem g implies that 

5 B (n) ( . 

We define the function r{x) by 

Sb(x) 7r 2 a 
a; 6 

Then r(x) — o(x). For every e > there exists an integer no = n (e) > e 2 such 
that 

\r(x)\ < e 

for all x > uq. If fc > n/no, then n/fc < no and < Ssin/k) < <5b(tio). 
Therefore, 

,<„> . g<fs B (f 

l<fe<n/no n/nQ<k<n 
7T 2 an ^—s ^(fc) A £ (^) / n 



6 ^-^ A: 2 ^— ' A; 2 Vfc 

l<A:<n/no l</c<n/no 

fj,(k) a (n\ 

n/no<k<n 



^ k \k) 
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We evaluate these three terms separately. Since 
(x(k) _ 6 

l<k<n/no 

it follows that 



k 2 



7r 2 an 



6 fc 2 

1< fe<n/no 



The second term satisfies 



E 



l<fc<n/no 



1< k<n/riQ 



The last term is bounded independent of n, since 



E 



M (fc) 



n/no<k<n 

Therefore, 



< S B (n ) \ - 2S bM logno = 0(1)- 



n/no<k<n 



A{n) = an + O(en) + 0(1), 
and so d(A) = a. This completes the proof. 

Theorem 8 Let A be a set of positive integers with gcd(A) = 1, and let a > 0. 
Then d(A) — a if and only if 



logp A (n) ~ c Van- 
Proof. This follows immediately from Theorem [3] and Theorem |?]. 
Remark. Let A be an infinite set of positive integers with gcd(^4) = 1. Let 
a and (3 be nonnegative real numbers such that 

. log pa W . i— 
lim mt — — > v a 



and 



lim sup 



log pa (n) 



n— >oo Coy 71 



Does it follow that dz,(A) > a and djj(A) < (31 This would imply that = 
a if and only if liminfn^oo log p A{n) /coy/n = y/a, and du(A) = /3 if and only 
if limsup^^ logpA(^)/coV« = VP- 
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